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1 Linear and nonlinear dimensionality reduction and fea-

ture selection techniques

We start by mentioning the large number of posible features that may be connected with the
response variable we are trying to model/predict. Then introduce the need of doing so with
the minimium number of possible features, the most important ones as related to the response
variable in question =⇒ Dimensionality reduction and feature selection.

We will present fundamental linear and nonlinear dimensionality reduction techniques e.g

� Linear :

– SVD

– PCA

– Kernel based methods

– (To be continued)

� Nonlinear:

– Manifold based techniques

– Spectral based techniques

– (To be continued)
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1.1 General thoughts on dimensionality reduction

Dimensionality reduction is a general term for methods and techniques related to providing
new representations of data in such a way as to retain as much as possible of the information
available in the original data set, by mapping them into a lower dimensional space (which is
easier either to visualize or handle in terms of calculation).

We will start by considering a data set, consisting of N observations each one determined
in terms of the values of n features. We will assume that each observation can be expressed as
a point in the Euclidean space Rn (we will generalize that shortly), so that each observation
is understood as a vector x = (X1, · · · , Xn) ∈ Rn (we will consider it as a column vector i.e.
x ∈ Rn×1. Our data set is a collection of N vectors xi ∈ Rn, i.e. a subset {x1, · · · , xN} ⊂ Rn.
We may understand that as the matrix X = [x1, · · ·xN ] ∈ Rn×N , consisting of N columns, each
of which is xi, i = 1, · · · , N , i.e. each column consists of the features characterizing the datum
point i.

Often, the n features used to describe each datum point may be more than what is needed
to succesfully characterize the point, in the sense that certain of the features may be redundant,
or strongly correlated with other features. This opens the way for a more “economic” repre-
sentation in terms of fewer number of features, let us say p < n. This essentially means that
we could replace the original points xi ∈ Rn by points in a lower dimensional space zi ∈ Rp,
with the lower dimensional representation being easier to handle or visualize. The quesion of
dimensionality reduction or feature selection refers to what is the optimal way (in a sense to
be specified shortly) to make this reduction, i.e. to map the original vectors xi ∈ Rn to new
vectors zi ∈ Rp, p < n, for i = 1, · · · , N , without losing too much information.

In terms of mathematics, dimensionality reduction boils down to identifying a mapping
Φ : Rn → Rp such that by defining zi := Φ(xi) for all i = 1, · · · , N , we may map the original
data set {x1, · · · , xN} ⊂ Rn (equivalently the data matrix X = [x1, · · · , xN ] ∈ Rn×N) the
new data set {z1, · · · , zN} ⊂ Rp (equivalently the data matrix Z = [z1, · · · zN ] ∈ Rp×N). The
choice of the mapping Φ will be in such a way that as little as possible information is lost in
this transition, with the concept of information being left to the discretion of the researcher
depending on the application under consideration. In fact, the above general comment initiates
a whole class of methods, usually refered to as dimensionality reduction methods, with the
choice of what is actually meant by information corresponding to different methods within this
class. Dimensionality reduction methods fall within two general classes, linear and nonlinear
depending on whether the map Φ is chosen to be linear or nonlinear. Within each general
wider class one may find various methods, depending on the concept of information we choose
to conserve in our dimensionality transition.

To summarize:
A dimensionality reduction method is the adoption of a mapping Φ : Rn → Rp, p < n,

to tranform the original data matrix X = [x1, · · · , xN ] ∈ Rn×N to the new data matrix Z =
[z1, · · · , zN ] ∈ Rp×N through zi = Φ(xi)¡ i = 1, · · · , N .

Dimensionality reduction methods are called:

� Linear, if Φ is a linear mapping,
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� Nonlinear, if Φ is a nonlinear mapping.

The mappingΦ is chosen so that as little information as possible is lost in the transition
from the higher dimensional data set X to the lower dimensional data set Z. The concept of
information adopted gives rise to different methods (linear or nonlinear). Widely used linear di-
mensionality reduction methods are Principal Components Analysis (PCA), Multi Dimensional
Scaling (MDS), ISOMAP, Locality Preserving Projections (LPP) etc.

1.2 Concerning linear dimensionality reduction

The typical form of linear dimensionality reduction technique employs the concept of the pro-
jection operator of vectors in Rn to a suitably chosen subspace E ⊂ Rn of dimension p.

To understand the concept more clearly we start from a very extreme example. Assume
that the data, while initially embedded in Rn, i.e., actually reside on a p-dimensional subspace
E ⊂ Rn. This subspace, is spanned by p linearly independent vectors vi ∈ Rn, so E =
span(v1, · · · , vp). Moreover, without loss of generality these may be considered orthonormal
(else apply the Gram-Schmidt orthogonalization procedure). In this case our data are exactly
p-dimensional, even though our “naive” representation in Rn (for n > p) has failed to identify
it. An interesting question is can we devise a method to acknowledge this? This will in fact
constitute a dimensionality reduction technique.

Any element of E = span(v1, · · · , vp) can be parameterized in terms of a vector z ∈ Rp such
that

x ∈ E ⇐⇒ ∃ z ∈ Rp : x = V z, V = [v1, · · · , vp] ∈ Rn×p.

This in fact allows us to “identify” each element x ∈ E ⊂ Rn with an element z ∈ Rp, chosen
such that x = V z. This can alternatively be seen as defining a new coordinate system z which
allows for an alternative representation of the original points in the coordinate system x in
terms of a more compact and efficient way.

In fact, if we choose the vectors {v1, · · · , vp} to be orthonormal (something that can be
always achieved by a Gram-Schmidt procedure) then V TV = Ip×p hence if x ∈ E ⊂ Rn and
z ∈ Rp are related through x = V z then

∥x∥2Rn = ⟨x, x⟩Rn = ⟨V z, V z⟩Rn = ⟨V TV z, z⟩Rp = ⟨z, z⟩Rp = ∥z∥2Rp . (1)

The observation stated in (1) highlights a very important fact: The act of identifying any
element x ∈ E ⊂ Rn with the parameter z ∈ Rp such that x = V z can be understood as a
mapping

Rn ⊃ E ∋ x 7→ z := Φ(z) ∈ Rp, V z = x, (2)

with the property
∥z∥Rp = ∥Φ(x)∥Rp = ∥x∥Rn (3)

(which can be easily read off by (1)). Hence the mapping Φ : Rn ∋ E → Rp satisfies the
property of preserving the “length” of vectors (i.e., the norm) in the corresponding spaces
(in this case Rn and Rp respectively). Such mappings are called isometries (and clearly are
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continuous mappings). Assuming orthonormality of the vectors {v1, · · · , vp} spanning E, we
see that

x = V z =⇒ z = V Tx, i.e, a choice for Φ in (2) is Φ = V T . (4)

Hence Φ := V T can be thought of as a mapping from E ⊂ Rn to Rp mapping the n-dimensional
vectors in E into Rp in such a way that norms are preserved. Moreover by the same argument
as in (1), for any two points xi, xj ∈ E ⊂ Rn with corresponding representations zi, zj ∈ Rp, it
is easy to see that

∥xi − xj∥Rn = ∥zi − zj∥Rp , (5)

so that the reparametrization of the data points zi, zj in the new representation yi, yj, preserves
the “affinity” relations between the data documented in the original representation, in the new
representation as well.

Mapping the data z to the new representation y in terms of the mapping Φ can be perceived
as a dimensionality reduction tool, mapping n-dimensional objects to p-dimensional objects in
such a way that affinities (modelled by distances) are preserved by this mapping. Of course,
the reader should be aware that we are cheating here: This map works from E ⊂ Rn to Rp and
since E = span(v1, · · · , vp) is in fact a p-dimensional subspace of Rn it the elements in E are
essentially p dimensional and this is why this dimensionality reduction mapping is in such an
explicit form!

Clearly in any general case of genuine interest to practical applications, one cannot expect
us being so lucky so that the original data x ∈ Rn (meaning that our data are expressed by
a naive representation x = (x1, · · · , xn) ∈ Rn) lie on a trully p-dimensional subspace E =
span(v1, · · · , vp). In this case x ̸= V z for some z ∈ Rp and the mapping Φ = V T is not
expected to have the exact norm preserving property (1) which in turn leads to the important
“affinity” preserving property (5). All we can hope for in this case is to obtain an approximate
relation of this form. This is where the important concept of the projection walks in. If x ̸∈ E,
so that the mapping Φ = V T cannot be exact, then can we find the point x̂ ∈ E as close as
possible to x ̸∈ E and then apply the above procedure to x̂?

An important tool in this endeavour is the concept of projection. Suppose that we are given
a subspace E ⊂ Rn, such that dim(E) = p < n. Given any x ∈ Rn, such that x ̸∈ E, can we
find a x̂ ∈ E such that when approximating x by x̂, this approximation produces the minimum
possible error. Here the error induced by this approximation quantifies the elusive concept of
information loss. Upon defining the error as ∥x− x̂∥2, where ∥ · ∥ denotes the Euclidean norm
in Rn, we can rephrase the problem of best approximation as the optimization problem

min
z∈E

∥x− z∥2

with the minimizer x̂ defined as the projection of x onto E, being understood as the best
approximation of x ∈ Rn by an element in the lower dimensional space E. In other words

x̂ = ProjEx = argmin
z∈E

∥x− z∥2 ⇐⇒ ∥x− x̂∥2 = min
z∈E

∥x− z∥2.
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By characterizing E = span(v1, · · · , vp) we may obtain the best approximation x̂ explicitly in
terms of the matrix V = [v1, · · · , vp] ∈ Rn×p. In particular, it can be shown (see 1.10.1) that

x̂ = ProjEx = V V Tx ∈ E ⊂ Rn.

This is equivalent to representing the point x ̸∈ E approximately in terms of the new coordinates
z = V Tx, in the sense that instead of working with x ̸∈ E we first approximate it with the
best possible representative x̂ = ProjEx ∈ E, and then perform the mapping Φ = V T as in
(2) to obtain a dimensionality reduction in terms of the new coordinates ẑ = V Tx ∈ Rp. This
reduction is no longer exact (as if it would be in the case where x ∈ E) but approximate, and
hence will not satisfy (3) (or equiv. (5)) exactly, but in the best possible approximation, i.e.,
with the minimal error in these two relations.

As a final comment, to complicate the issue even further (but at the same time add more
realism) one may not hope to know the relevant subspace E a priori. This means, that there
may be many candidates for the vectors v1, · · · , vp, defining the subspace E = span(v1, · · · , vp)
(equiv. the matrix V = [v1, · · · , vp]) onto which we will decide to project the original point x ∈
Rn so as to perform the subsequent dimensionality reduction x̂ = V x. Hence, a crucial problem
is, given the data X = {x1, · · · , xN} ⊂ Rn, can we find a subspace E = span(v1, · · · , vp)
(equiv. the matrix V = [v1, · · · , vp]) such that the low dimensional representation of the data
Z = {z1, · · · , zN} ∈ E, in terms of the mapping Φ = V T (interpreted as first projecting xi onto
E and then performing the coordinate change using Φ = V T ) is as accurate as possible, with
respect to a chosen criterion, e.g. (3) or (5).

The actual choice of E = span{vp, · · · , vp} depends on the type of information content we
wish to preserve (approximately) when performing the dimensionality reduction transformation
z 7→ Φ(x) from Rn to Rp. In principle, there is no a priori knowledge as to how this subspace
E (equiv. the vectors {v1, · · · , vp} should be chosen. Choosing an agnostic viewpoint, as is so
popular today, we would like to think that the actual data will choose the proper subspace E
for us!

To this end, assume a data set X = [x1, · · · , xN ] ∈ Rn×N (i.e., we consider the set
{x1, · · · , xN} ⊂ Rn and contruct the matrix consisting of N columns each one containing
a vector xi ∈ Rn; this is essentially the design matrix) and consider a transformation of
each of the data points xi ∈ Rn, i = 1, · · · , N , in the spirit described above, i.e. in terms
of projection to a (yet to be determined) subspace E = {v1, · · · , vp} and the subsequent
new parameterization in terms of z ∈ Rp, which will lead to the low dimensional repre-
sentation of the data. In other words, we transform the data set {x1, · · ·xN} ⊂ Rn to a
new data set {x̂1, · · · , x̂N} = {V V Tx1, · · · , V V TxN} ⊂ E represented in terms of the co-
ordinates zi = V Txi ∈ Rp, i = 1, · · · , N for each datum. We may consider the above
transformation in terms of the data (design) matrix X, in compact form as switching from
the original data matrix X = [x1, · · · , xN ] ∈ Rn×N to the data matrix of projected data
XE := X̂ = [x̂1, · · · , x̂N ] ∈ Rn×N , where now each column x̂i ∈ E, i = 1, · · · , N , and the subse-
quent coordinate change Z = V TX = [z1, · · · , zN ] ∈ Rp×N for zi = V Txi, i = 1, · · · , N . Then,
XE := V V TX = [V V Tx1, · · · , V V TxN ] ∈ Rn×N can be interpreted as the projection of the
original data points X onto the subpace E = span(V ) ⊂ Rn (which is p- dimensional and such
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that each data point on E can be uniquely characterized by Z) . The error (or loss of informa-
tion) induced by replacing the original data set X with XE (or equivalently the representation
Z will be quantified by some distance measure of X from XE, say d(X,XE). The optimal di-
mensionality reduction will then correspond to choosing the plane E = span(v1, · · · , vp), equiv.
the matrix V = [v1, · · · , vp] ∈ Rn×p, and the corresponding projection XE(V ), chosen in terms
of the optimization problem

min
V ∈Rn×p

d(X,XE(V )).

Once the optimal V has been identified, then new coordinate system z = V Tx and the new
representation of the data Z = V TX can be calculated, and the chosen data handling or
visualization algorithm will be applied to the transformed data set Z. Importantly, the optimal
E is dictated by the data themselves, i.e., it is learned by the observations, as a function of the
fata matrix X.

Different choices of the distance measure d, lead to different linear dimensionality reduction
methods. For example choosing as d the square of the Euclidean distance between all data
points xi and their projections leads to the Principal Components (PCA) method. Other
choices are of course possible and will be sketched in the following.

Nonlinear dimensionality reduction is in the same spirit, with the major difference being
that now the map Φ : Rn → Rp is no longer a linear map. This has important concequences
on the geometry of the data. While in linear methods, the data are considered originally to
be elements of a linear (Euclidean) space and are also mapped to a new linear (Euclidean)
space of a lower dimension, for nonlinear methods this is no longer the case. The data are
now considered as lying on a nonlinear hypersurface of lower dimension embedded in a higher
dimensional space (which may be Euclidean). Eventhough the original features reported appear
superficially to be represented in terms of n features (x1, · · · , xn), these features are closely
related among themselves, so that the data points xi do not cover the Euclidean space Rn, but
rather concentrate on lower dimensional nonlinear subsets of Rn which have to be specified.
The actual correlation structure of the data will allow us to decifer this structure, in terms of
more complicated geometrical objects than the hyperplanes E = span(v1, · · · , vp) that were
used in the linear case. Such nonlinear structures are called manifolds, hence the terminology
manifold learning which is commonly assigned to such methodologies.

1.3 Principal Components Analysis (PCA)

PCA is a linear dimensionality reduction technique which aims in choosing a projection of the
original data points in Rn to a linear subspace E = span(V ) such that dim(E) = p < n with
the aim of minimizing the error obtained by the projection over the full centered data set,
X̄ = [x̄1, · · · , x̄N ] ∈ Rn×N i.e.

min
V ∈Rn×p, V TV=Ip×p

N∑
i=1

∥x̄i − V V T x̄i︸ ︷︷ ︸
z̄i

∥2 = min
V ∈Rn×p, V TV=Ip×p

∥X̄ − V V T X̄︸ ︷︷ ︸
Z̄

∥2F (6)
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where by ∥ · ∥F we denote the Frobenius norm which for any matrix A ∈ Rm×n is defined by
∥A∥2F = Tr(ATA). Problem (6) consists of choosing a hyperplane E = span(v1, · · · , vp) (equiv.
a matrix V = [v1, · · · , vp]) such that by projecting the original cantered data x̄i onto E, and
working with the corresponding projections ˆ̄ix = ProjEx̄i ∈ E ⊂ Rn, the information loss, as
quantified by the affinity between the original and the new, lower dimensional representation, is
minimized. The affinity in the principal components analysis method, is quantified in terms of
the Euclidean distance of x̄i and ˆ̄xi both considered as elements of the embedding space Rn. If
required we may represent ˆ̄xi ∈ E in terms of the reduced representation z̄i = V T ˆ̄xi = V x̄i ∈ Rp.
For simplicity, the vectors v1, · · · , vp are taken to be orthonormal, i.e., V TV = Ip×p. Finally,
it is important to note that, upon choosing the proper dimension p for the dimensionality
reduction, the hyperplane upon which we project, E = span(v1, · · · , vp) is optimally chosen by
the actual data X, themselves.

Note that the centered data are simply the original data with the mean subtracted, i.e.
x̄i = xi− 1

N

∑N
j=1 xj ∈ Rn, i = 1, · · · , N and similarly for zi. The centered data matrix consists

of the centered vectors, and can also be expressed in a more compact form as

X̄ = [x̄1, · · · , x̄N ] = X(IN×N − 1

N
1N1

T
N),

where 1N ∈ RN×1 = (1, · · · , 1)T is a column vector in RN consisting of 1. Note that by
multiplying a data matrix X by the matrix C := IN×N − 1

N
1N1

T
N from the right has the effect

of centering the data matrix. Moreover note that the centering matrix C has the property
CCT = C.

It can be shown (see Section (1.10.3)) that problem (6) is equivalent to the following maxi-
mization problem

max
V ∈Rn×p, V TV=Ip×p

N∑
i=1

∥z̄i∥2 = max
V ∈Rn×p, V TV=Ip×p

∥Z̄∥2F

= max
V ∈Rn×p, V TV=Ip×p

Tr(V TXCXTV ) = max
V ∈Rn×p, V TV=Ip×p

Tr(V T X̄X̄TV ),

(7)

which can be recognized as the problem of maximizing the variance of the transformed data
in the new variables Z. Note that X̄X̄T = XCXT . It is interesting to note that the equiva-
lent version (7) has an interesting interpretation. It means that the choice of the hyperplane
E = span(v1, · · · , vp), upon which the original data set will be projected, for subsequent di-
mensionality reduction, will be done in such a way as to “allow the data to breath”, meaning
that given the reduced dimensionality representation in Rp we require the choice of E to be
such that most of the interesting features of the data (which is in fact its variability i.e., their
variance) are retained.

It is interesting to see that the problem reduces to a trace minimization problem, for the
matrix X̄X̄T = XCXT , that can be solved in terms of an eigenvalue problem (see Section
1.10.4). for X̄X̄T . In fact, the required subspace E = span(V ), where V = [v1, · · · , vp], where
vi are the eigenvectors of the matrix X̄X̄T ∈ Rn×n, corresponding the eigenvalues λi, ordered
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in descending order i.e. λ1 ≥ · · · ≥ λn. Hence PCA reduces to solving the eigenvalue problem
for the covariance matrix of the data set in the original coordinates and projecting onto the
subspace spanned by the eigenvectors of the first p most dominant eigenvalues. This subspace
is assumed to contain the most important components of the data matrix, so that by neglecting
the remaining components not much information on the data set is sacrificed. As mentioned
above this operation can be interpreted in terms of defining a new coordinate system (in terms
of the transformation y = V Tx so that in the new (lower dimensional) system the data set
is sufficiently well represented. The solution of the eigenvalue problem can be obtained in
terms of the singular value decomposition (SVD) for the data matrix X̄. Indeed, if the SVD
for X̄ is X̄ = UX̄SX̄V

T
X̄

(where UX̄ ∈ Rn×n, SX̄ ∈ Rn×N and VX̄ ∈ RN×N with UX̄ and VX̄

orthogonal), then X̄X̄T = UX̄SX̄V
T
X̄
VX̄SX̄U

T
X̄
= UX̄S

2
X̄
UT
X̄
. This implies that UX̄ = [v1, · · · , vn],

where vi are the eigenvectors of X̄X̄T arranged in descending order. In fact a suitable p for
the dimensionality reduction can be chosen by observing the spectrum of the matrix X̄X̄T

(equivalently the singular values SX̄) and choosing p so that we have achieved a sufficiently
significant decrease of the eigenvalues.

In terms of the SVD decomposition X̄ = UX̄SX̄V
T
X̄

we then obtain that V = UX̄,p, so that

Z̄ = V T X̄ = UT
X̄,pUX̄SX̄V

T
X̄ = SX̄,pV

T
X̄,p (8)

where we used the fact that (by orthogonality of UX̄ , a multiplication of UX̄SX̄V
T
X̄

from the left
by UX̄,p only keeps the first p columns of the matrices that are multiplied.

To summarize PCA, is the problem of finding a projection to a p-dimensional subspace
E = span(V ) such that upon projecting the data in the new space the projection error is
the minimum possible, while equivalently upon expressing the data in the new variables we get
the maximum possible variance for the new representation. Intuitively, obtaining the maximum
possible variance for the new representation implies that we have chosen the new representation
in such a way as to give our data the maximum “breathing space” for their new features to be
unfolded.

Algorithm 1.1 (PCA). Given a data set X = [x1, · · · , xp] ∈ Rn×N and a p < n, choose
V ∈ Rn×p such that

V = arg min
V ∈Rn×p, V TV=Ip×p

∥X̄ − V V T X̄︸ ︷︷ ︸
Z̄

∥2F = arg max
V ∈Rn×p, V TV=Ip×p

∥Z̄∥2F

= arg max
V ∈Rn×p, V TV=Ip×p

Tr(V TX(IN×N − 1

N
1N1

T
N)X

TV ),

1. Center the data set X, by calculating X̄ = X(IN×N − 1
N
1N1

T
N)

2. Perform SVD for the matrix X̄ = UX̄SX̄V
T
X̄
.

3. The required V = UX̄,p = [u1, · · · , up] and the desired transformation is Z = V TX =
SX̄,pV

T
X̄,p

(see (8)).
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1.4 Multidimensional Scaling (MDS)

A related concept is that of multidimensional scaling (MDS) in which instead of working
with the covariance matrix S = XXT of the data set, we work with the Gram matrix
D = (dij)i,j=1,··· ,N = (d2(xi, xj))i,j=1,··· ,N of the data set. Recall that for data in a general metric
space, the distance matrix for a data set {x1, · · · , xN} is the N ×N matrix D = (dij)i,j=1,··· ,N ,
with dij = d2(xi, xj), where d(xi, xj) is the distance between the data points xi and xj. This
distance is a measure of difference between the two data points, the smaller this quantity is
the more alike the two data points are considered to be. Hence the distance matrix D ∈ RN×N

carries important information on the data set. In some sense it is the analogue of the covariance
matrix S = XXT

In the special case where the metric space in which the data reside is an inner product space,
i.e. for any two points x, x′ ∈ M , d2(x, x′) = ⟨x − x′, x − x′⟩, where ⟨·, ·⟩ is an inner product
the distance matrix D can be expressed in terms of the Gram matrix G = (gij)i,j=1,··· ,N , where
gij = ⟨xi, xj⟩. The Gram matrix G ∈ RN×N can be considered again as a matrix carrying
information concerning the affinities of the data points; in some generalized sense the inner
products ⟨xi, xj⟩, provide information on the “angle” formed between the vectors xi, xj, that
cary the features of the two data points, the closer this angle to 0 the more alike the two data
points. In fact it can be shown that, for centered data, one can construct one matrix from the
other. Indeed,

G = −1

2
CDC, C = IN×N − 1

N
1N1

T
N . (9)

MDS consists of finding a transformation of the centered dataX to a new coordinate system,
Z, such that the original Gram matrix GX̄ is as close as possible to the new Gram matrix in
the new system GZ̄ := Z̄T Z̄. Since Z̄ = V T X̄ for some transformation matrix V ∈ Rn×p, the
problem of MDS can be expressed as the optimization problem

min
Z̄∈Rp×N

∥ GX̄︸︷︷︸
X̄T X̄

− GZ̄︸︷︷︸
Z̄T Z̄

∥2F = min
Z̄∈Rp×N

∥X̄T X̄ − Z̄T Z̄∥2F

= min
V ∈Rn×p, V TV=Ip

∥X̄T X̄ − X̄TV V T X̄∥2F

The solution to this problem is equivalent to the solution of the PCA problem, in Euclidean
space, eventhough the objectives of the two problems are different. In particular the solution to
the MDS problem can be constructed in terms of the eigenvalue problem of the Gram matrix
GX̄ . Given a diagonalization of GX̄ = UGX̄

ΛGX̄
UT
GX̄

, the solution Z̄ is given by Z̄ = Λ
1/2
GX̄ ,pU

T
GX̄ ,p

where by the subscript p we denote that we only keep the first p columns of these matrices.
As before this can be obtained directly in terms of the SVD of the matrix X̄. Indeed, if
X̄ = UX̄SX̄V

T
X̄
, then GX̄ = X̄T X̄ = VX̄S

2
X̄
VX̄ so that we can identify UGX̄

= VX̄ and Λ
1/2
GX̄

= SX̄ ,

so that Z̄ = SX̄,pV
T
X̄,p

. Comparing that with (8) we see that MDS in the case of Euclidean spaces
produces the same result as PCA. However, this result is obtained trying to optimize a different
objective function.
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Algorithm 1.2 (MDS). Given a data set X ∈ Rn×N choose Z ∈ Rp×N such that

Z̄ = arg min
Z̄∈Rp×N

∥GX̄ −GZ̄∥2F = arg min
Y ∈Rp×N

∥X̄T X̄ − Z̄T Z̄∥2F ,

i.e. find a new representation of the data so that the Gram matrix of the original data set
matches the Gram matrix of the new data set.

1. Center the data set X, by calculating X̄ = X(IN×N − 1
N
1N1

T
N)

2. Perform SVD for the matrix X̄ = UX̄SX̄V
T
X̄
.

3. The required Z̄ is Z̄ = SX̄,pVX̄,p.

Note that the above construction does not really require the data set X to consist of data
points in Rn. In fact, we can start directly from a Gram matrix GX for the data set, consisting
of pairwise measures of similarities between the various data points (which is Euclidean space
are quantified as the inner products ⟨xi, xj⟩. We can then try to embed these points into a
Euclidean space Rp in such a way that the difference ∥GX−ZTZ∥2F is minimized. This problem
can be solved in terms of the diagonalization (equiv. SVD) of the Gram matrix GX . In this
sense the above algorithm can be appropriately modified.

1.5 Locally Linear Embedding (LLE)

Locally linear embedding is a dimensionality reduction method, striving to preserve the neigh-
bourhood structure of the data i.e. keeping local information about connectivity structures in
the data set. Such information can be lost in methods such as PCA or MDS. The connectivity
structure in the original high dimensional space where the data set is situated is identified with
a graph that has to be “read off” by the data. Once the neighbourhood structure has been
identified and the corresponding weighted graph has been constructed a projection method
is applied so as to produce the lower dimensional representation of the data, respecting the
original neighbourghood information.

We now present each of the above steps in detail.
The first step involves discovering the neigbourghood structure. Assume that each of the

data points is described in the original (high dimensional space) in terms of a vector x =
(X1, · · · , Xn) ∈ Rn, so that the dataset is a collection X = {x1, · · · , xN} ⊂ Rn. For each
datum xi we search for its k nearest neighbours (for some k fixed and using a convenient notion
of distance d, e.g. the Euclidean distance). This procedure, literally means, for each i, scanning
the full data set X, calculate for each j ̸= i the distance d(xi, xj), sort them in ascending order
and keep the j’s corresponding to the first k entries of the sorted list, i.e. the j’s corresponding
to the k points xj that are closer to xi than any other point. Each point xi has a set of k nearest
neighbours Ni = {xi1 , · · · , xik}, and we will denote the points that are the elements of this set
by the simpler notation xi,j (the first index is the point we refer to and the second index counts
the neighbours). At the end of this procedure we are left with N sets Ni, i = 1, · · · , N , each
containing k elements xi,j, j = 1, · · · , k which are the k elements of X closer to xi.
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The second step involves trying to represent, as well as possible, each point xi by a linear
approximation in terms of its nearest neighbours, i.e., the points in the set Ni. This step has
a nice geometric intuition: If we assume that the data points X, lie on some lower-dimensional
manifold M ⊂ Rn, i.e. that each xi ∈ M then by finding the set Ni we define a neighbourghood
structure around xi and by trying to linearly approximate xi by its nearest neighbours, we
somehow try to construct the linear approximation of the manifold, locally around xi, which
somehow is an approximation of the tangent space of the manifold locally at xi. In this
approximation we will assume that for each i = 1, · · · , N , we can find an approximation
xi ≃

∑k
j=1wijxi,j with the weights wij to be obtained so that we get the best representation

i.e. as solutions of the N optimization problems

min
wi=(wi:)∈Rk

∥xi −
k∑

j=1

wijxi,j∥2, i = 1, · · · , N, (10)

or alternatively

min
W=(wij)∈RN×k

N∑
i=1

∥xi −
k∑

j=1

wijxi,j∥2 (11)

These problems are low dimensional problems (i.e. problems in Rk which can easily be solved in
terms of a least squares solver. At the end of this step we have for each point xi its optimal linear
representation

∑k
j=1wijxi,j in terms of its k nearest neighbours. The weights wij, collected in

a matrix W = (wij) ∈ RN×k quantify the local neighbourhood structure of the data set. We
will pad up this matrix with 0s to create a new matrix W ∈ RN×N (denoted the same) so that
wij = 0 means that j is not a k-nearest neighbour to i.

The third step performs a dimensionality reduction, to a new coordinate system in Rp,
which respects this local neighbourghood structure, as quantified by the weights matrix W ,
obtained in the previous step. To this end we strive to replace the original data points xi ∈ Rn,
with new representations zi ∈ Rp, for p < n, in such a way that the new data matrix Y =
[z1, · · · , zN ] ∈ Rp×N solves the problem

min
Y ∈Rp×N

N∑
i=1

∥zi −
k∑

j=1

wijzj∥2 (12)

where now W is the (zero-padded RN×N version) of the weight matrix quantifying the local
neighbours structure of the original data set X. This problem, reflects that we strive to perform
the dimensionality reduction to Rp while retaining the original neighbourghood structure of the
data set X. This is achieved by trying to find the new coordinate representation i.e. the vectors
zi so that each zi is still best represented by its k nearest neighbours, as documented by the
matrix W , obtained in the previous step for the original data set X.

We now discuss the solution of the two optimization problems (11) and (12).
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The problem (11) can be expressed (see Section ??) in terms of the Gram matrices G(i) ∈
Rk×k of the nearest neighbours of each point xi, defined by G(i) = (G

(i)
jj′), where G

(i)
jj′ = ⟨xi −

xi,j, xi − xi,j′⟩. Indeed, using the notation w(i) = (wi1, · · · , wik) ∈ Rk for the vector of weights
connecting xi with its k-nearest neighbours xi,j then the objective function

∥xi −
k∑

j=1

wijxi,j∥2 =
k∑

j=1

k∑
j′=1

w
(i)
j w

(i)
j′ G

(i)
jj′ = ⟨w(i), G(i)w(i)⟩, (13)

where w
(i)
j = wij, subject to the constraint

∑k
j=1wij = 1 for each i = 1, · · · , N , which can be

expressed as ⟨w(i),1k⟩ = 1.
The solution of problem (11) can then be composed by solving each individual minimization

problem
min

w(i)∈Rk
⟨w(i), G(i)w(i)⟩

⟨w(i),1k⟩ = 1
(14)

This problem can be solved using Lagrange multipliers (to ensure the constraint) to yield the
optimal selection of weights

w(i) =
(G(i))−11k

⟨1k, (G(i))−11k⟩
(15)

This solution may be unstable to implement numerically especially if the matrix G(i) is ill
conditioned (hence rendering its inversion an unstable process prone to numerical errors) so in
practice other methods of approximating the solution of (14) may be employed, which avoid
having to invert the local Gram matrix G(i), such as for instance the projected gradient method
for the solution of (14), or simply to solve the linear system G(i)w(i) = 1k without including
the constraints and then rescaling w(i) so as to satisfy the constraint. Another possible way
out is to regularize the problem by replacing G(i) by G(i) + δIk×k for a small δ > 0, inversely
proportional to k. Situations where G(i) is ill conditioned typically arise when the number of
nearest neighbours k is larger than the input dimension n.

Once the weights wi ∈ Rk for all i = 1, · · · , N have been determined, and by appropriately
padding with zeros to obtain the N × N weight matrix W (where now wij = 0 indicates that
j is not a neighbour of i) we can continue with the solution of problem (12) that will provide
the dimensionality reduction. We can reduce problem (12) to a trace minimization problem,
that can be solved in terms of an eigenvalue problem. Indeed (see Section ?? ) problem (12) is
equivalent to the trace minimization problem

min
Y ∈Rp×N

∥Y − YW∥2F = min
Y ∈Rp×N

Tr(Y (IN×N −W )(IN×N −W )TY T ), (16)

subject to constraints, that can be solved in terms of the eigenvalue problem for the matrix
M := (IN−W )(IN−W )T . Note thatM is a symmetric matrix, which is sparse. The constraints
imposed on problem (12) are that

∑N
i=1 zi = 0 (i.e. that the vectors in the new system are
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centered, this simply translates everything by the center of mass) and that the embedding
vectors zi have unit covariance, i.e. 1

N

∑N
i=1 ziz

T
i = 1

N
Y Y T = Ip×p. To get rid of the 1

N
factor

we can simply scale the Y matrix to Y ′ = 1√
N
Y which leads to the constraint Y ′(Y ′)T = Ip×p.

In what follows we will express this problem in terms of Y ′ renaming it for convenience back
to Y .

This step hence reduces to the trace optimization problem

min
Y ∈Rp×N

Tr(Y (IN×N −W )(IN×N −W )TY T ),

Y 1N×1 = 0N×1,

Y Y T = Ip×p

(17)

This problem can be solved in terms of the eigenvalue problem for the matrix M = (IN×N −
W )(IN×N − W )T . The matrix M always has as eigenvector with eigenvalue 0 the constant
vector 1N since the columns of W , i.e. , w(i) add to 1. The solution of (17) can then be
expressed in terms of the eigenvector problem for M ,

Mui = λiui, (18)

in ascending order 0 = λ1 < λ2 ≤ · · · ≤ λN , and choosing the matrix Y as Y = [u2, · · · , up+1]
T

(note that ui ∈ RN). In the matrix Y we keep the first p eigenvectors (but discarding the first
eigenvector u1 that corresponds to the eigenvalue λ1 = 0).

Algorithm 1.3 (LLE).

1. For each data point xi, i = 1, · · · , N find the k-nearest neighbours denoted by xi,j,
j = 1, · · · , k.

2. Find the local neighbourhoods Ni for each point xi, by approximating xi ≃
∑k

i=1wijxi,j,
choosing the weight vectors w(i) = (wi1, · · · , wik) in terms of the optimization problems

min
w(i)∈Rk

∥xi −
k∑

j=1

wijxi,j∥2, i = 1, · · · , N. (19)

2a These weights can be obtained by constructing the local Gram matrices G(i) = (G
(i)
jj′)

for G
(i)
jj′ = ⟨xi − xi,j, xi − xi,j′⟩ in terms of

w(i) =
(G(i))−11k

⟨1k, (G(i))−11k⟩
(20)

2b Construct the matrix W = [w(1), · · · , w(N)] ∈ RN×N by appropriately padding the
vectors w(i) be zeros to turn them into RN vectors.
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3. Given the matrixW ∈ RN×N from step 2, obtain the new embedded data Y = [z1, · · · , zN ] ∈
Rp×N , as the solution of the optimization problem

min
Y ∈Rp×N

Tr(Y (IN×N −W )(IN×N −W )TY T ),

Y 1N×1 = 0N×1,

Y Y T = Ip×p

(21)

To solve (21) we perform the following steps:

3a Solve the eigenvalue problem (λi, ui) for the matrix M = (IN×N −W )(IN×N −W )T ,
and arrange them in ascending order such that 0 = λ1 ≤ λ2 ≤ · · · ≤ λN .

3b The solution is

Y = [u2, · · · , up+1]
T

1.6 Orthogonal Neigbourhood Preserving Projections (ONPP)

This method proposed by Kokiopoulou and Saad (see Kokiopoulou and Saad (2007)) is very
similar to Local Linear Embedding (LLE) as it works in the same framework of trying to obtain
projections respecting local neighbourhood structure (as quantified by the weight matrix W )
but choosing the new vectors zi, in terms of a linear projection onto the subspace E = span(V )
for an appropriate choice of vectors V = [v1, · · · , vp] ∈ Rn×p. This constrains Y ∈ Rp×N to be
of the form Y = V TX so that the optimization problem (17) from LLE assumes the particular
form

min
V ∈Rp×N

Tr(V TX(IN×N −W )(IN×N −W )TXTV ),

V TV = Ip×p

(22)

This is a trace eigenvalue problem for the matrix M ′ := X(IN×N − W )(IN×N − W )TXT =
XMXT , and can be solved in terms of the eigenvalue problem M ′v = λv, usually ignoring
the smallest eigenvalue and producing the projection matrix V = [v2, · · · , vp+1]. The projected
data are then Y = V TX.

Algorithm 1.4 (ONPP). Given a dataset in Rn, in terms of the matrix X ∈ Rn×N and a
p < n, find as reduced representation Y ∈ Rp×N by solving the optimization problem

min
V ∈Rp×N , V TV=Ip×p

Tr(V TX(IN×N −W )(IN×N −W )TXTV ) (23)

as follows:

1. Construct the weight matrix W as in Algorithm 1.3.

2. Construct the matrix M ′ = X(IN×N −W )(IN×N −W )TXT ∈ Rn×n and solve the eigen-
value problem

M ′vi = λivi,

with the eigenvalues in ascending order as λ1 ≤ λ2 ≤ · · · ≤ λn
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3. Construct the projection matrix V = [v2, · · · , vp+1] ∈ Rn×p and return the projected daa
Y = V TX ∈ Rp×N .

1.7 Laplacian Eigenmaps Method (LEM) and Locality Preserving
Projections (LPP)

The Laplacian eigenmaps method also uses weights to quantify local neighbourhood structures
along with the spectral characteristics of the weighted graph characterizing the data in order
to achieve effective dimensionality reduction. In order to by pass the k-nearest neighbours
characterization procedure used in LLE or ONPP, it assigns these weights arbitrarily either
using a distance function or some a priori or expert information. For any two data points xi,
xj, large wij implies an increased affinity between them whereas small wij implies small affinity.
Note that the concept of affinity can be understood in a very liberal way, accomodating very
general interpretations. Given the set of weights W = (wij)i,j=1,··· ,N , we may construct a
weighted graph G = (V,E,W ) where V = {1, · · · , N}, E = V × V = {(i, j) : i, j ∈ V }
and W = (wij) ∈ RN×N , and define the graph Laplacian matrix L := D − W where D =

diag(d1, · · · , dN), with di =
∑N

j=1 wij. Clearly L contains information concerning the affinity
of the data in the original representation X. In fact, the rich theory of the graph Laplacian
indicates that the spectral characteristics of this matrix reveal important information on the
geometry of the graph G, and properties such as e.g connectivity or the “distance” between the
different nodes.

The Laplacian eigenmaps method uses the graph Laplacian for performing a dimensional
reduction of the original data set into a new coordinate system which can be defined in terms
of the spectral characteristics of L. This construction will be made explicit below.

Let us first focus on how the weightsW can be chosen in practice. This is in fact an arbitrary
step, reflecting what is meant by affinity between the various data points. For example given
a data set X = [x1, · · · , xN ] ∈ Rn×N the weights can be introduced in terms of the Gaussian
function wij = exp(−∥xi − xj∥2/2σ2) where ∥ · ∥ is the Euclidean distance in Rn and σ > 0
is an arbitrary parameter. In this way points that are close together in the Rn features space
are assigned large weights, whereas points that are far apart (in terms of Euclidean distance)
in this space are assigned small weights. This will lead to a full weights matrix, with some of
the weights being very small. Introducing a lower cutoff limit for the weights can turn this to
a sparse matrix. Other choices are possible, for example other distances can be used for the
data X i.e. not the Euclidean distance, and other functions than the Gaussian. Alternatively, a
sparse weights matrix can be assigned to the nodes set V since the very beginning, using expert
opinion or prior knowledge concerning which data points i and j are connected and which not,
by setting wij = 1 for connecting points and wij otherwise. Finally, the weights can be assigned
without taking into account any notion of distance in the first place. It should be noted that
the choice of weights clearly affects the graph Laplacian and the consequent dimensionality
results.

Given now a choice of weights W and consequently a weighted graph G = (V,E,G), we
construct the graph Laplacian L := D −W as above and consider tranforming the data X ∈
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Rn×N to the new data Y ∈ Rp×N in terms of the solution of the minimization problem (see
Section ??)

min
Y ∈Rp×N

Tr(Y LY T ) = min
Y ∈Rp×N

1

2

N∑
i=1

N∑
j=1

wij∥zi − zj∥2,

Y DY T = Ip×p

(24)

or its equivalent version
min

Z∈Rp×N
Tr(ZL̂ZT ), ZZT = Ip×p, (25)

where L̂ := D−1/2LD1/2 is the normalized Laplacian and Z = Y D1/2. As seen the new rep-
resentation of the data, strives to map data points xi, xj initially closely connected together
(as captured by the weights matrix, wij large) will be forced to stay close together in the new
representation zi, zj as well, while this condition is not too important for data points initially
not closely connected (as captured by the weights matrix element wij small). The constraint is
some sort of normalization, and can be considered as an orthogonality condition in a new inner
product weighted by the matrix D.

Problem (24) or its equivalent form (25) are trace optimization problems which may be
treated by solving eigenvalue problems for the graph Laplacian. Indeed, the normalized version
(25) can be solved in terms of the eigenvalue problem

L̂v̂ = λv̂, (26)

which upon multiplying both sides with D1/2 yields the generalized eigenvalue problem

Lv = λDv (27)

where v = D−1/2v̂. As usual, the solution to (24) or (25) is constructed in terms of the first
p lower eigenvalues of L or L̂, and their corresponding eigenvectors (called in this context
the Laplacian eigenmaps). Note that since L1N = 0N , the graph Laplacian always have the
eigenvalue λ = 0 with eigenvector 1N . This is also true for the generalized eigenvalue problem
(29). Moreover, by the same arguments λ = 0 is also an eigenvalue of the problem (26)
corresponding to the eigenvector v̂ = D1/21N . These eigenvectors are not usually included in
the solution as they lead to a constant vector bearing no information concerning the features.
Ordering the solution of (29) in ascending order as 0 = λ1 < λ2 ≤ · · · ≤ λN and denoting the
corresponding eigenvectors as vi, i = 1, · · · , N , we obtain the new representation of the data
in terms of the matrix Y = [v2, · · · , vp+1].

Algorithm 1.5 (Laplacian Eigenmaps Method). Given a data matrix X ∈ Rn×N seek a lower
dimensional representation Y ∈ Rp×N as follows

1. By a method of your choice, define a weights matrix W and the construct the correspond-
ing weighted graph G = (V,E,W ).
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2. Construct the graph Laplacian

L = D −W, D = diag(d11, · · · , dNN), dii =
N∑
j=1

wij

3. Seek the lower dimensional representation in terms of the solution to the optimization
problem

min
Y ∈Rp×N

Tr(Y LY T ) = min
Y ∈Rp×N

1

2

N∑
i=1

N∑
j=1

wij∥zi − zj∥2,

Y DY T = Ip×p

(28)

4. To solve (28) solve the generalized eigenvalue problem

Lv = λDv (29)

ordering the eigenvalues in ascending order 0 = λ1 ≤ λ2 ≤ · · · ≤ λN and denote the
corresponding eigenvectors by vi, i = 1, · · · , N .

5. Construct the new representation by

Y = [v2, · · · , vp+1]

Note in the above that since the weight matrix W depends on the data set X so does the
graph Laplacian L.

If the mapping X 7→ Y is to be interpreted as a projection i.e. as a map Y = V TX for
some V ∈ RN×p then the corresponding method is refered to as Locality Preserving Projection
(LPP) (see He and Niyogi (2003); see also Kokiopoulou et al. (2011) ). This reduces problem
(28) to

min
V ∈Rn×p

Tr(V TXLXTV )

V TXDXTV = Ip×p

(30)

It is important to note that (30) is to be interpreted as problem (28) with the additional
constraint that Y = V TX. That means, in general that the solution of (28) will not be of the
required form Y = V TX for some projection Pspan(V ) unless constrained to be so. Therefore,
the solution of (28) and (30) will not in general coincide.

To solve (30) we need to solve an eigenvalue problem , and in particular

L̄Xv = λMXv, (31)

where

L̄X = XLXT = X(D −W )XT ∈ Rn×n,

MX = XDXT ∈ Rn×n

Ordering the solutions of the above problem as λ1 ≤ · · · ≤ λn the required solution is V =
[v1, · · · , vp].
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Algorithm 1.6 (Locality Preserving Projections). Given a data matrix X ∈ Rn×N seek a
lower dimensional representation Y ∈ Rp×N defined as the projection Y = V TX for a suitable
V ∈ Rn×k as follows

1. By a method of your choice, define a weights matrix W and the construct the correspond-
ing weighted graph G = (V,E,W ).

2. Construct the graph Laplacian

L = D −W, D = diag(d11, · · · , dNN), dii =
N∑
j=1

wij

3. Seek the lower dimensional representation in terms of the solution to the optimization
problem

min
X∈Rn×p

Tr(V TXLXTV ) = min
Y ∈Rp×N

1

2

N∑
i=1

N∑
j=1

wij∥zi − zj∥2,

Y DY T = Ip×p

(32)

4. To solve (32) solve the generalized eigenvalue problem

XLXTv = λXDXTv (33)

ordering the eigenvalues in ascending order λ1 ≤ λ2 ≤ · · · ≤ λN and denote the corre-
sponding eigenvectors by vi, i = 1, · · · , N .

5. Construct the new representation by

V = [v1, · · · , vp]

An interesting viewpoint of the family of methods related to the graph Laplacian is that
of random walks on the data graph. Upon assuming that each data point xi of the graph can
randomly migrate to another data point xj as long as there is a connection between them, one
may construct a symmetric random walk on the data graph by assigning a transition probability
pij ∝ wij from node i to node j. Normalization requires pij =

wij∑
k wik

. The transition matrix

P = (pij) = D−1W governs the evolution of any initial probability distribution on the graph
over time. Given any initial probability distribution π0 on the graph, this evolves under the
random walk in t time periods to pt = P tp0. As t → ∞ this probability distribution converges
to a probability distribution π which is invariant under the random walk, which is the solution
of the equation π = Pπ, i.e. a solution of (I − P )π = 0 or equivalently of (I −D−1W )π = 0.
The matrix Drw := I − D−1W is a version of the graph Laplacian called the random walk
Laplacian. The invariant probability distribution is thus an eigenvector of the random walk
Laplacian corresponding to the eigenvalue λ = 0, and upon multiplying byD also an eigenvector
of the Laplacian for the eigenvalue λ = 0.
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This analogy can be used further to define an interesting notion of distance on a graph, called
the commute distance (or resistance distance). This distance is related to the expected time
required for a random walker initiating at i to reach j, Tij = E[inf{t : X(t) = j given X(0) =
i}]. The larger Tij is the more distant or dissimilar the data points xi and xj are considered to
be. It can be shown that Tij ∝ (ei − ej)

TL†(ei − ej) where by L† we denote the Moore-Penrose
pseudo-inverse of the graph Laplacian L. The fact that L† is a positive definite matrix, allows
us to consider the inner product ⟨ei − ej, L

†(ei − ej)⟩ = (ei − ej)
TL†(ei − ej) as a weighted

Euclidean distance, with the weights reflecting the connectivity of the data graph through D†.

1.8 Stochastic Neighbor Embedding (SNE and t-SNE)

The central idea behind stochatic neighbor embedding is to understand the dissimilarity or
distance between different data points in their representation in the original coordinate system,
xi, xj, in terms of the transition probability of a random walk from i to j and then map this
random walk to a new random walk between the same points in the new coordinate system,
choosing the coordinate system Y , in such a way that the transition probability matrix of the
new random walk is as close as possible to the transition probability matrix of the original
one. The closeness now requires a concept of closeness or distance in the space of probability
measures, and SNE uses the Kuhlback-Leibler divergence for this task.

Given a data set X = [x1, · · · , xN ] ∈ Rn×N we construct a random walk between the data
points generated by transition probabilities pi→j = pi→j(xi, xj) and pj→i = pj→u(xi, xj). In
many cases the random walk is symmetrized, assuming transition probabilities pi→j = pj→i =
pij = pij(xi, xj) or pij =

1
2
(pi→j + pj→i. Then we consider a transformation of the original data

set to Y = [z1, · · · , zN ] ∈ Rp×N and consider new symmetric random walk qi→j = qj→i = qij =
qij(zi, zj) with the transformation X 7→ Y chosen so that the probabilities qij are as close as
possible to pij. The closeness is quantified in terms of the Kuhlback-Leibler entropy of the
probability measures P = (pij) and Q = (qij) defined by

KL(P∥Q) =
N∑
i=1

N∑
j=1

pji ln
pji
qji

Note that upon defining Pi = (pi1, · · · , piN), Qi = (qi1, · · · , qiN) for any i = 1, · · · , N , we
have the probability distribution at point i of moving to any other data point j = 1, · · · , N
(we may if we wish assign a probability that a point starting at i sticks to i), under the two
representations X and Y (Pi and Qi respectively). The Kulback-Leibler divergence of Pi with
Qi is defined as

KL(Pi | Qi) =
N∑
j=1

pij ln
pij
qij

The closer to 0 this quantity is the closer the probability measures Pi and Qi are, meaning
that the connectivity of the data graph in the X representation and in the Y representation,
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as quantified in a probabilistic way in terms of the transition probabilities from i to each other
point j, is conserved. Summing KL(Pi∥Qi) over all i = 1, · · · , N , we obtain KL(P∥Q) which
quantifies the conservation of local structure under the transformation, globally over the whole
data set.

Hence, the required transformation can be expressed as the optimization problem

min
Y ∈Rp×N

KL(P (X)∥Q(Y )) = min
Y ∈Rp×N

N∑
i=1

N∑
j=1

pji(X) ln
pji(X)

qji(Y )
(34)

This is in general a difficult task and certain special ansatze for P and Q are adopted in practice
in order to make this task tractable.

The choice of functional forms for pi→j, pj→i or pij as well as qij is arbitrary. For example,
in SNE, a popular choice for pi→j is a Gaussian form

pi→j(xi, xj) =
exp

(
−∥xi−xj∥2

2σi

)
∑

k ̸=i exp
(
−∥xi−xk∥2

2σi

) ,
which assumes that starting at i you move to a data point j with a probability depending on
how dissimilar the data points xi, xj are in the original data representation, with pi→i = 0. Note
that in general pi→j ̸= pj→i depending on the choice of σi. For example in SNE these conditional
probabilities may not be chosen symmetric, whereas in t-SNE they are chosen symmetric.

A similar functional form can be chosen for qi→j in terms of

qi→j(zi, zj) =
exp

(
−∥zi−zj∥2

2σ̄i

)
∑

k ̸=i exp
(
−∥zi−zk∥2

2σ̄i

) ,
for σ̄i =

1
2
for all i = 1, · · · , N . Another popular choice, corresponding to the t-SNE method is

to set

qi→j(zi, zj) =
(1 + ∥zi − zj∥2)−1∑
k ̸=i(1 + ∥zi − zk∥2)−1

,

a choice that facilitates the solution of the problem (34). This choice assumes the Student t
distribution as the distribution of the transition probabilities in the new representation of the
data.

1.9 UMAP

Uniform Manifold Approximation and Projection (UMAP) is a relatively new method for di-
mensionality reduction, combining tools from Riemannian geometry and algebraic topology to
quantify affinities between the data points and uncover their geometry. In particular, using
the techniques of algebraic topology, reduces the manifold on which the data lie on, locally,
to simpler algebraic structures called simplicial complexes, which essentially encode the local
connectivity structures.
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1.10 Appendix: Some technical results

1.10.1 Projection on linear subspaces

Proposition 1.7. Consider the subspace E = span(v1, · · · , vp) ⊂ Rn, with dim(E) = p < n,
and {v1, · · · , vp} orthonormal (i.e. V TV = Ip×p. The projection of x ∈ Rn onto E, defined by

x̂ = ProjE(x) = argmin
z∈E

∥x− z∥2 ⇐⇒ ∥x− x̂∥2 = min
z∈E

∥x− z∥,

is given by

x̂ = ProjEx = V V Tx

where V = [v1, · · · , vp] ∈ Rn×p.

Proof. Since z ∈ E = span(v1, · · · , vp) there exists y ∈ Rp such that z = V y. The optimization
problem defining the projection then assumes the form

min
z∈E

∥x− z∥2 = min
y∈Rp

∥x− V y∥2.

We define the function Ψ : Rp → R, by y 7→ Φ(y) := ∥x− V y∥2. Suppose that the minimum of
Φ is obtained for some ŷ ∈ Rp. Then, by moving to a nearby point ŷ + ϵy we obtain that

Φ(ŷ + ϵy) = ∥x− V (ŷ + ϵy)∥2 = ⟨(x− V ŷ) + ϵy, (x− V ŷ) + ϵy⟩
= ⟨x− V ŷ, x− V ŷ⟩+ 2ϵ⟨x− V ŷ, V y⟩+ ϵ2⟨V y, V y⟩

= ∥x− V ŷ∥2 + 2ϵ⟨x− V ŷ, V y⟩+ ϵ2∥V y∥2

= Ψ(ŷ) + 2ϵ⟨V Tx− V TV ŷ, y⟩+ ϵ2∥V y∥2.

This yields,

1

ϵ
(Ψ(ŷ + ϵy)−Ψ(ŷ)) = 2⟨V Tx− V TV ŷ, y⟩+ ϵ∥V y∥2. (35)

Since ŷ is a local minimum of Φ, for ϵ > 0 small enough we have that Φ(ŷ + ϵy) − Φ(ŷ) ≥ 0,
and passing to the limit as ϵ → 0+, (35) yields that

2⟨V Tx− V TV ŷ, y⟩ ≥ 0, ∀ y ∈ Rp. (36)

Since this holds for any y ∈ Rp and consequently any −y ∈ Rp (36) yields

⟨V Tx− V TV ŷ, y⟩ = 0, ∀ y ∈ Rp,

i.e. V Tx = V TV ŷ, and assuming that V TV = Ip×p (orthogonality) yields ŷ = V Tx. Hence
x̂ = V ŷ = V V Tx ∈ E. We note that y ∈ Rp here corresponds to the parametrization of any
element in the p-dimensional space E. In this spirit ŷ = V Tx ∈ Rp is the optimal parameter
value which allows us to identify the projection and x̂ = V ŷ = V V Tx ∈ E ⊂ Rn is the actual
optimal element in Rn, i.e, the projection.
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1.10.2 Proof that CTC = C

We have that

(1N1
T
N)(1N1

T
N) =

 1 · · · 1
...

. . .
...

1 · · · 1


 1 · · · 1

...
. . .

...
1 · · · 1

 = N(1N1
T
N)

We can then calculate

CTC = (IN×N − 1

N
11T )(IN×N − 1

N
1N1

T
N) = IN×N − 2

N
1N1

T
N +

1

N2
(1N1

T
N)(1N1

T
N)

= IN×N − 2

N
1N1

T
N +N(1N1

T
N) = C

1.10.3 Equivalence of problems (6) and (7)

We calculate the objective of (6) as follows:

∥X̄ − V Z̄∥2F = Tr[(X̄ − V Z̄)T (X̄ − V Z̄)]

= Tr[XTX − Z̄T V T X̄︸ ︷︷ ︸
Z̄

−X̄TV Z̄ + Z̄T V TV︸ ︷︷ ︸
Ip×p

Z̄]

= Tr[X̄T X̄ − Z̄T Z̄ − X̄TV Z̄︸︷︷︸
V T X̄

+Z̄T Z̄] = Tr[X̄T X̄]− Tr[X̄TV V T X̄]

= Tr[X̄T X̄]− Tr[V T X̄X̄TV ] = Tr[X̄T X̄]− Tr[Z̄Z̄T ]

where for the last line of the calculation we used the trace identity Tr(ATB) = Tr(ABT ) for
A = V T X̄ and B = V T X̄.

We recognize Tr[Z̄Z̄T ] as the covariance of the transformed data (in the new coordinates
Y ).

Since Z̄ = V T X̄ = V TXC it is easy to see that

∥Z̄∥2F = Tr(Z̄Z̄T ) = Tr(V T X̄C(V T X̄C)T )

= Tr(V T X̄CCT X̄TV ) = Tr(V T X̄CX̄TV ),

where we used the trace identity Tr(ATA) = Tr(AAT ) and the observation that CCT = C.

1.10.4 The trace minimization problem

In this section we consider the trace mimization problem

max
V ∈Rn×p, V TV=Ip×p

Tr(V TAV ) (37)

for a given matrix A ∈ RN×n for p < n.
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Proposition 1.8. The solution of problem (37) is V = [v1, · · · , vp] where vi are the eigenvectors
of the matrix A, ordered as λ1 ≥ λ2 ≥ · · · ≥ λp ≥ · · · ≥ λn.

Proof. By the spectral theorem

A =
n∑

i=1

λiviv
T
i ,

where Avi = λivi, i.e. the pairs (λi, vi), i = 1, · · · , n are the eigenvalues and corresponding
eigenvectors of A. We will assume without loss of generality that vi are taken to be orthonormal.
It can then be seen that if V = [v1, · · · , vp] ∈ Rn×p, we have

Tr(V TAV ) =

p∑
i=1

λiv
T
i Avi =

p∑
i=1

λi

Consider now any matrix U ∈ Rn×p such that UTU = Ip×p. Note that the matrix B = UTAU
is symmetric and shares the same eigenvalues as A (it is a similarity transformation of A). By
the Schur-Horn theorem (the direct part) the spectrum of a symmetric matrix majorizes its
diagonal part, hence for any U as above Tr(UTAU) ≤

∑p
i=1 λi, and the maximum is attained

for U = V .

Remark 1.9. An alternative proof could come from the observation that

Tr(V TAV ) =
n∑

i=1

vTi Avi,

so that the problem is in separable form. This reduces to solving

max
vi∈Rn×1,vTi vi=1

vTi Avi, i = 1, · · · p,

which can be treated using the methodology of Lagrange multipliers. A quick calculation shows
that the Lagrange multipliers are the eigenvalues of A and the maximizers are the corresponding
eigenvectors.
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